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Abstrat
In the rst part of the paper, we dene an approximated Brunn-
Minkowski inequality whih generalizes the lassial one for length spaes.
Our new denition based only on distane properties allows us also to deal
with disrete spaes. Then we show the stability of our new inequality
under a onvergene of metri measure spaes. This result gives as a orol-
lary the stability of the lassial Brunn-Minkowski inequality for geodesi
spaes. The proof of this stability was done for dierent inequalities (ur-
vature dimension inequality, metri ontration property) but as far as we
know not for the Brunn-Minkowski one.
In the seond part of the paper, we show that every metri measure spae
satisfying lassial Brunn-Minkowski inequality an be approximated by
disrete spaes with some approximated Brunn-Minkowski inequalities.
1 Introdution
Let us reall some fats about the Brunn-Minkowski inequality. First the in-
equality was set in R
n
for onvex bodies by Brunn and Minkowski in 1887 (for
more details about the inequality and its birth, one an refer to the great sur-
veys [1, 5℄ and the referene therein). It an be read as if K and L are onvex
bodies (ompat onvex sets with non empty interior) of R
n
and 0 < t < 1 then
Vn((1 − t)K + tL)
1/n ≥ (1− t)Vn(K)
1/n + tVn(L)
1/n
(1)
where Vn is the Lebesgue measure on R
n
and + the Minkowski sum whih is
given by
A+B = {a+ b, a ∈ A, b ∈ B}
1
for A and B two sets of Rn. Equality holds if and only if K and L are equals
up to translation and dilatation.
Brunn-Minkowski inequality is a very powerful inequality with a lot of ap-
pliations. For example it implies very quikly the isoperimetri inequality for
onvex bodies in R
n
whih reads
(
Vn(K)
Vn(B)
)1/n
≤
(
s(K)
s(B)
)1/(n−1)
(2)
where K is a onvex body of Rn and s the surfai measure, with equality if
and only if K is a ball.
The Brunn-Minkowski inequality is not only true for onvex bodies but also
for all ompat sets and even for all measurable sets of R
n
(with the little
diulty that the Minkowski sum of two mesurable sets is not neessary mea-
surable). One way to prove it is to prove a funtional inequality known as
Prekopa-Leindler inequality whih applied to harateristi funtions of sets
gives the multipliative Brunn-Minkowski inequality
Vn((1− t)K + tL) ≥ Vn(K)
1−tVn(L)t (3)
where Vn is the Lebesgue measure on R
n
, K and L two measurable sets of
R
n
. By homogenity of the volume Vn, it an be shown that this a priori weak
inequality is in fat equivalent to the n-dimensional one (1).
All this was to show that Brunn-Minkowski inequality has a very geometri
meaning and it is natural to ask on whih more general spaes than R
n
the
inequality an be extended.
One rst answer is we an hange the measure, for example a measure log-
onave on R
n
satisfy multipliative Brunn Minkowski.
But to be able to quit R
n
, we have to generalize the Minkowski sum. This
an be done on length spaes by using ideas of optimal transportation (refer to
[3℄ for length spae, [7℄ for optimal transporation, and for exemple [4℄ for this
generalisation). Following an idea of this paper, for two setsK and L of a metri
spae X we dene what we are going to all the s-intermediate set between K
and L by
Zs(K,L) =
{
z ∈ X ; ∃(k, l) ∈ K × L,
d(k, z) = sd(k, l)
d(z, l) = (1 − s)d(k, l)
}
(4)
This set will play the role set of baryenters of the Minkowski sum. In fat the
authors in [4℄ use it only for a Riemannian manifold but it makes sense for all
metri spaes even if it is interesting only for length spae. In this ontext we
will say a metri measure spae (X, d,m) satises the N -dimensionnal Brunn-
Minkowski inequality if
m1/N (Zs(K,L)) ≥ (1 − s)m
1/N (K) + sm1/N (L) (5)
for all 0 < s < 1 and K, L ompats of X . We will refer in the sequel at (5)
as the "lassial" N -dimensionnal Brunn-Minkowski inequality. It is proven in
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[4℄ that a Riemannian manifold M of dimension n whose Rii's urvature is
always non negative satises (5) with dimension N = n and with the anonial
volume of the Riemannian manifold as measure, i.e.
vol(Zs(K,L))
1/n ≥ (1− s)vol(K)1/n + s vol(L)1/n (6)
for all ompats K, L of M where vol denotes the anonial volume of the
Riemannian manifold. In fat they obtain more preise results on funtionnal
inequalities like Prekopa-Leindler and Borell-Brasamp-Lieb inequalities.
Reently, there have been a lot of works on geometry of metri measure
spaes. Lott-Villani and Sturm have given independently a syntheti treatment
of metri spaes having Rii urvature bounded below by k (see [7, 9, 10℄).
All these works began by the result of preompatness of Gromov: the lass of
Riemannian manifolds of dimension n and Rii urvature bounded below by
some onstant k is preompat for a Gromov-Hausdor metri. So the notion
they develop for metri spaes has to generalize the one for Riemannian mani-
folds and has to be stable by Gromov-Hausdor onvergene. Their denition
is about onvexity properties of relative entropy on the Wasserstein spae of
probability and is linked with optimal transportation. Sturm in this ontext
denes a Brunn Minkowski inequality with urvature k (see [10℄).
The meaning of this inequality may be not totally satisfatory. Indeed
the inequality is depending on parameter Θ whih equals infk∈K,l∈L d(k, l) or
supk∈K,l∈L d(k, l) whether the urvature is positive (or null) or negative. It
orresponds to the minimal or maximal length of geodesis between the two
ompats K and L. However this is a diret impliation from its dimension-
urvature ondition CD(k,N) and this is this inequality that gives all the geo-
metri onsequenes of their theory like for example a Bishop-Gromov theorem
on the growth of balls.
There is another weak onept of urvature whih is known as metri on-
tration property (see [8, 10, 6℄) and whih is implied by this Brunn-Minkowski
inequality at least in the ase of urvature 0 and the m⊗m a.s. uniqueness of
geodesis between two points of X .
As far as I know stability of Brunn-Minkowski inequality was not proven
yet. This is the most interesting result we have in the paper (orollary 2.4).
For simpliity we will work only with the lassial Brunn-Minkowski (i.e. with
urvature 0) and explains how to extend our results in the general ase, with
urvature k, in a remark. For doing this we introdue an approximated Brunn
minkowski inequality sine we need it during the proof. This fat is interesting
in itself sine it allows us to deal with disrete spaes.
In the seond part of the paper we show that every metri measure spae
satisfying lassial Brunn-Minkowski inequality an be approximated by disrete
spaes with some approximated Brunn-Minkowski inequalities.
To avoid some problems between sets with zero measure we will work only
with metri spaes (X, d,m) where (X, d) is Polish and m a Borel measure on
(X, d) with full support, i.e. that harges every ball of X .
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2 Stability of Brunn-Minkowski inequality
Denition 2.1. Given h ≥ 0 and N ∈ N, N ≥ 1, we say that a metri mea-
sure spae (X, d, µ) satises the h Brunn-Minkowski inequality of dimension N
denoted by BM(N, h) if ∀C0, C1 ⊂ X ompats, ∀s ∈ [0, 1], we have:
µ1/N (Cs
h) ≥ (1− s)µ1/N (C0) + s µ
1/N (C1) (7)
where
Chs =
{
x ∈ X/∃(x0, x1) ∈ C0 × C1/
|d(x0, x)− sd(x0, x1)| ≤ h
|d(x, x1)− (1− s)d(x0, x1)| ≤ h
}
(8)
We all the set Chs the set of h(-approximated) s-intermediate points between
C0 and C1. One an note that if X is a geodesi spae and h = 0, it gives bak
the lassial Brunn-Minkowski inequality for geodesi spaes. We shall often
note BM(N) instead of BM(N, 0). Another remark to be done is that this
denition an be used for disrete spaes.
One an also note that if X satisfy BM(N, h) it will also satisfy BM(N, h′) for
all h′ ≥ h.
In these notes we use the following distane D between abstrat metri measure
spaes. We refer to [9℄ for its properties.
Denition 2.2. Let (M,d,m) and (M ′, d′,m′) be two metri measure spaes,
their distane D is given by
D((M,d,m), (M ′, d′,m′)) = inf
dˆ,q
(∫
M×M ′
dˆ2(x, x′)dq(x, y)
)1/2
where dˆ is a pseudo metri on M ⊔M ′ whih oinides with d on M and with
d′ on M ′ and q a oupling of the measures m and m′.
Theorem 2.3. Let (Xn, dn,mn) be a sequene of ompat metri measure
spaes whih onverges with respet to the distane D to another ompat met-
ri measure spae (X, d,m). If (Xn, dn,mn) satises BM(N, hn) with hn → h
when n goes to innity, then (X, d,m) satises BM(N, h).
In partiular for ompat geodesi spaes it implies diretly the stability of
the lassial Brunn-Minkowski inequality with respet to the D-onvergene:
Corollary 2.4. Let (Xn, dn,mn) be a sequene of ompat geodesi spaes
whih onverges with respet to the distane D to another ompat metri mea-
sure spae (X, d,m), then X is also a geodesi spae. If (Xn, dn,mn) satises
BM(N) then (X, d,m) satises also BM(N).
We will make the proof of theorem 2.3 only for ompat sets of stritly
positive measure. The remarks after the proof will give the inequality for all
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mesurable sets.
The idea of the proof is quite simple. We hoose two ompats of the limit
set X . Then we hoose a good oupling of Xn and X and we onstrut two om-
pats of Xn by dilating these ompats with respet to the pseudo-distane of
the oupling and taking the restrition of this two sets with Xn. The fat whih
makes things work is that the operation we did doesn't lose two muh measure.
So, we an dene a s-intermediate set in Xn and apply Brunn-Minkowski in-
equality in Xn. By the same onstrution as before, we onstrut a set in the
limit set X from the s-intermediate set in Xn without loosing a lot of measure.
To onlude we have to study the link between this set and set of approximate
s-intermediate points between initial ompats.
Proof of Theorem 2.3 Let C0, C1 two ompats of X of stritly positive
measure. Let s ∈ [0, 1]. Choose n so that D(Xn, X) ≤
1
2n . By denition of D,
there exists dˆ a pseudo-metri on Xn⊔X and q a oupling of mn and m so that
(∫
Xn×X
dˆ2(x, y)dq(x, y)
)1/2
≤ δn =
1
n
For εn > 0 dene C
εn
n,i = {x ∈ Xn/dˆ(x,Ci) ≤ εn} for i = 1, 2, these are
ompats of Xn. They are indeed not empty for n large enough and εn well
hosen, sine being of stritly positive measure as we will see it. We have
m(C0) = q(Xn × C0)
= q(Cεnn,0 × C0) + q({Xn \ C
εn
n,0} × C0)
But if (x, y) ∈ {Xn \ C
εn
n,0} × C0, then dˆ(x, y) ≥ εn, so
q({Xn \ C
εn
n,0} × C0) ≤
∫
{Xn\Cεnn,0}×C0
dˆ2(x, y)
εn2
dq(x, y)
≤
δ2n
εn2
whih equals
1
n for δn =
1
n and εn =
1√
n
.
On the other hand, we have:
mn(C
εn
n,0) = q(C
εn
n,0 ×X)
≥ q(Cεnn,0 × C0)
Consequently,
mn(C
1√
n
n,0 ) ≥ m(C0)−
1
n
(9)
and identially
mn(C
1√
n
n,1 ) ≥ m(C1)−
1
n
. (10)
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Now onsider the set Cεn,hnn,s ⊂ Xn dened as in the denition (2.1) by
Cεn,hnn,s =
{
x ∈ Xn/∃(xn,0, xn,1) ∈ C
εn
n,0 × C
εn
n,1/
|d(xn,0, x)− sd(xn,0, xn,1)| ≤ hn
|d(x, xn,1)− (1− s)d(xn,0, xn,1)| ≤ hn
}
This is the set of all the hn s-intermediate points between C
εn
n,0 and C
εn
n,1. Sine
Xn satises BM(N, hn),
m
1
n
n (C
εn,hn
n,s ) ≥ (1− s)m
1/N
n (C
εn
n,0) + sm
1/N
n (C
εn
n,1) (11)
We an now dene Cεn,hns ⊂ X by
Cεn,hns = {y ∈ X, ∃x ∈ C
εn,hn
n,s dˆ(x, y) ≤ εn}
Similary to (9) we have
m(C
1√
n
,hn
s ) ≥ mn(C
εn
n,s)−
1
n
(12)
Now sine (x− 1n )
1/N
+ ≥ x
1/N − ( 1n )
1/N
for all x ≥ 0, ombining the inequalities
(9), (10), (12) and (11) give us, for εn =
1√
n
,
m1/N (Cεn,hns ) ≥ m
1/N
n (C
εn,hn
n,s )− (
1
n
)1/N
≥ (1− s)m1/Nn (C
εn
n,0) + sm
1/N
n (C
εn
n,1)− (
1
n
)1/N
≥ (1− s)m1/N (C0) + sm
1/N (C1)− 2(
1
n
)1/N
Cεn,hns is inluded in the set K
hn+4εn
s of all the hn + 4εn s-intermediate
points between C0 and C1. Indeed, let y ∈ Cεn,hns , by denition of this set,
there exists x ∈ Cεn,hnn,s so that dˆ(x, y) ≤ εn. By denition of C
εn,hn
n,s , it follows
that there exists (xn,0, xn,1) ∈ C
εn
n,0 × C
εn
n,1 satisfying
|dn(x, xn,0)− s dn(xn,0, xn,1)| ≤ hn
|dn(x, xn,1)− (1− s) dn(xn,0, xn,1)| ≤ hn.
There exists, by denition of Cεnn,i for i = 1, 2, (y0, y1) ∈ C0×C1 with dˆ(xn,0, y0) ≤
εn and dˆ(xn,1, y1) ≤ εn. It follows:
|dˆ(y, y0)− s dˆ(y0, y1)| ≤ |dˆ(y, y0)− dˆ(x, xn,0)|+ |dˆ(x, xn,0)− s dˆ(xn,0, xn,1)|
+s |dˆ(y0, y1)− dˆ(xn,0, xn,1)|
≤ hn + 4εn.
and
|dˆ(y, y1)− (1 − s) dˆ(y0, y1)| ≤ hn + 4εn.
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The sequene (hn + εn)n is onverging to h. We an extrat a monotone
sequene from it whih will still be denoted by hn + εn. There are two ases.
The rst one is when the extrating subsequene is non-dereasing. Then we
have Khn+4εns ⊂ K
h
s . So, for all n,
m1/N (Khs ) ≥ m
1/N (Khn+4εns ) ≥ (1− s)m
1/N (C0) + sm
1/N (C1)− 2(
1
n
)1/N .
Letting n goes to innity gives the onlusion.
The seond one, more interesting, is when the extrated subsequene is non-
inreasing. Then we have
Khs =
⋂
n
Khn+4εns .
Indeed if y ∈
⋂
nK
hn+4εn
s , for all n ∈ N, ∃(yn,0, yn,1) ∈ C0 × C1 so that
|d(y, yn,0)− s d(yn,0, yn,1)| ≤ hn + 4εn
|d(y, yn,1)− (1− s) d(yn,0, yn,1)| ≤ hn + 4εn.
By ompatness of C0 and C1 we an extrat another subsequene so that
yn,0 → y0 ∈ C0 and yn,1 → y1 ∈ C1 and we have
|d(y, y0)− s d(y0, y1)| ≤ h
|d(y, y1)− (1− s) d(y0, y1)| ≤ h
.
The other inlusion is immediate. This intersetion is non-inreasing so
m1/N (Khs ) = limn→∞
m1/N (Khn+4εns )
whih gives the onlusion
m1/N (Khs ) ≥ (1− s)m
1/N (C0) + sm
1/N (C1).
Remark
1. BM(N) is diretly implied by the ondition CD(O,N) of Sturm or Lott
and Villani for the ompat sets with a stritly positive measure (in fat for
mesurable sets with stritly positive measure) (see [10℄). But if the mea-
sure m is harging all the balls of the spae and (if the spae is geodesi),
then the fat of having BM(N) for all the ompats subspae with stritly
positive measure implies BM(N) for all ompat subspaes. Indeed if
(X, d,m) saties BM(N) for all the ompat sets with a stritly positive
measure and if the measure m is harging all the balls, if C0, C1 are om-
pats with m(C0) = 0 and m(C1) > 0 (the ase m(C0) = m(C1) = 0
is trivial) and s ∈ [0, 1]. Dene Cε0 = {y ∈ X, ∃x ∈ C0/d(x, y) ≤ ε},
m(Cε0) > 0. Dene H
ε
s the set of all the s-intermediate points between C
ε
0
and C1, By Brunn-Minkowski inequality we have:
m1/N (Hεs ) ≥ (1− s)m
1/N (Cε0) + sm
1/N (C1) ≥ sm
1/N (C1)
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Hεs is inluded in K
2ε
s the set of all 2ε s-intermediate points between C0
and C1. As before
⋂
ε>0K
2ε
s is an non-inreasing intersetion equal to K
0
s
the set of all the exat s-intermediate points between C0 and C1. So
m(K0s ) = lim
ε→0
K2εs
whih gives the annoned result. Consequently, on a metri measure spae
where the measure harges all the balls, CD(0, N) implies BM(N) for all
ompats whih in turns implies MCP (0, N)
2. In Polish spaes, Borel measures are regular whih permits to pass from
ompat sets to measurable ones. More preisely, if a Polish spae satisfy
BM(N, h) for all his ompat subsets, it also satises it for all his measur-
able subsets. Therefore, if the spaes Xn and X are only Polish (no more
ompats), the sets Cεnn,i for i = 1, 2 dened as above may be no more
ompats. However they will still be measurable sine losed, so (11) will
still stay true in this more general ontext. We an, onsequently, drop
the assumption of ompatness of Xn and X in the theorem (2.3) and its
orollarry (2.4).
3. We an do the same for the Brunn-Minkowski inequality with urvature
k by using the denition given in [10℄. The only additional thing to do
is to ontrol the parameter Θ. But, with preeeding notations, we have
|Θ(C0, C1)−Θ(C
εn
n,0, C
εn
n,1)| ≤ 2εn.
4. We an prove also the same theorem for the multipliative Brunn-Minkowski
inequality (3).
3 Disretizations of metri spaes
Let (M,d,m) be a given Polish measure spae. For h > 0, let Mh = {xi, i ≥
1} be a ountable subspae of M with M =
⋃
i≥1Bh(xi). Choose Ai ⊂
Bh(xi), xi ∈ Ai mutually disjoint and mesurable so that
⋃
i≥1Ai = M . Con-
sider the measure mh on Mh given by mh({xi}) = m(Ai) for i ≥ 1. We all
(Mh, d,mh) a disretization of (M,d,m).
It is proved in [2℄ that if m(M) <∞ then
(Mh, d,mh)
D
−→ (M,d,m).
Theorem 3.1. If (M,d,m) satises BM(N) then (Mh, d,mh) satises BM(N, 4h).
The proof is based on the two following fats.
Lemma 3.2. 1. If H ⊂Mh then
m(Hh) ≥ mh(H) (13)
where Hh = {x ∈M,d(x,H) ≤ h}.
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2. If A ⊂M mesurable and Ah = {xi ∈Mh, d(xi, A) ≤ h} then
mh(A
h) ≥ m(A). (14)
Proof of lemma 3.2
First, let H ⊂Mh, we have
mh(H) =
∑
i/xi∈H
m(Ai)
= m(⊔i/xi∈HAi)
≤ m(Hh)
sine ⊔i/xi∈HAi ⊂ H
h = {x ∈M, d(x,H) ≤ h}.
For the seond point, let A ⊂M mesurable, dene Ah as above, then
mh(A
h) =
∑
i/xi∈Ah
m(Ai)
= m(⊔i/xi∈AhAi)
≥ m(A)
sine ⊔i/xi∈AhAi ⊃ A. Indeed if for some j, Aj ∩A 6= ∅ then there exists a ∈ A
with d(xj , a) ≤ h so xj ∈ Ah.
Proof ot theorem 3.1
Let H0, H1 be two ompats of Mh and s ∈ [0, 1]. H0 and H1 onsist of a
nite or ountable number of points xj . Dene H
h
0 , H
h
1 ⊂ M by H
h
i = {x ∈
M, ∃xj ∈ Hi/d(xj , x) ≤ h} for i = 1, 2. By the rst point of the lemma, for
i = 1, 2
m(Hhi ) ≥ mh(Hi). (15)
Let (Hh)s ⊂ M be the set of all the s-intermediate points between Hh0 and
Hh1 in the entire spae M , i.e.
(Hh)s =
{
x ∈M, ∃(x0, x1) ∈ H
h
0 ×H
h
1 /
∣∣∣∣ d(x, x0) = s d(x0, x1)d(x, x1) = (1− s) d(x0, x1)
}
BM(N) inequality on M gives us
m1/N ((Hh)s) ≥ (1− s)m
1/N (Hh0 ) + sm
1/N (Hh1 ). (16)
As before by triangular inequality, we an see (Hh)s is inlude in the set
C˜3hs of 3h s-intermediaire points in the whole spae M between H0 and H1.
So the set H˜4hs ⊂ Mh of 4h s-intermediate points between H0 and H1 in the
disrete spae Mh ontains the restrition at Mh of the h dilated of (H
h)s. By
the seond point of the lemma we have
mh(H˜
4h
s ) ≥ m((H
h)s). (17)
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Combining inequalities (15), (16) and (17) ends the proof of the theorem.
Remark If (M,d,m) satisesBM(N, k) then (Mh, d,mh) satisesBM(N, k+
4h).
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